Abstract. It is proved that the Banach-Mazur distance between arbitrary two convex quadrangles is at most 2. The distance equals 2 if and only if the pair of these quadrangles is a parallelogram and a triangle.
Denote by C n , the family of all convex bodies in Euclidean n-space E n and by M n , the family of all centrally symmetric convex bodies in E n . Recall that the Banach-Mazur distance, called also for shortness the BM-distance, of C, D P C n is the number ρpC, Dq " inf a,h λ tλ; apDq Ă C Ă h λ papDqqu, where h λ stands for a homothety with ratio λ and a for an affine transformation. Clearly, the Banach-Mazur distance is a multiplicative metric. In particular, ρpC, Dq " ρpD, Cq.
For more than eight decades, this notion for C, D P M n has been playing an important role in functional analysis, C and D are then unit balls of normed spaces. An extensive survey of results was given by TomczakJaegermann [8] . The theorem on approximation of centrally symmetric convex bodies by ellipsoids by John [3] implies that ρpC, Dq ≤ n for every C, D P M n . This is asymptotically exact, see the paper [1] by Gluskin. Stromquist [6] proved that ρpC, Dq ≤ 3 2 for arbitrary C, D P M 2 , and that this inequality cannot be improved.
In the last two decades, also the general case when C and D are not obligatory centrally symmetric has been considered in many papers. The theorem on approximation of arbitrary convex bodies by ellipsoids by John [3] easily implies that ρpC, Dq ≤ n 2 for every C, D P C n .
M. Lassak
This estimate has been improved since, at least for large n; however the exact asymptotic order of the bound is unknown, see the survey article [7] by Szarek for a wider context and references. For arbitrary C, D P C 2 , we have ρpC, Dq ≤ 3 (see [5] ). We conjecture that ρpC, Dq ≤ 1`1 2 ? 5 p« 2.118q for every C, D P C 2 , and the equality holds only for a triangle T and the regular pentagon P . For a position of apT q with respect to P such that apT q Ă P Ă`1`1 2 ? 5˘apT q see Fig. 1 in [4] . A related conjecture is presented at the bottom of page 209 in [4] (there 1`1 2 ? 5 is written in the form cos 2 36˝{ sin 18˝). In the present note, we prove that the Banach-Mazur distance between arbitrary two convex quadrangles is at most 2, with the value 2 if and only if one of these quadrangles is a parallelogram and the other is a triangle.
We say that convex bodies A and A 1 are affinely equivalent, and we write A " A 1 , if there is a non-singular affine transformation which transforms A into A 1 . Clearly, if A " A 1 and B " B 1 then
As usual, the point with coordinates x and y in Cartesian coordinate system of E 2 is denoted by px, yq.
Lemma. Every convex quadrangle is affinely equivalent to a quadrangle with successive vertices p0, 1q, p0, 0q, p1, 0q, and pp, qq, which belongs to the triangle T with vertices p1, 1q, p Proof. From the four triangles whose vertices are at the vertices of a convex quadrangle take a triangle K whose area is the largest. Of course, there is an affine transformation which transforms K into the triangle M with successive vertices p0, 1q, p0, 0q, p1, 0q such that the fourth vertex pp,of the quadrangle after the transformation is in the first quadrant. Since affine transformations do not change the ratio of areas, the area of M is not smaller than the area of any of the remaining three triangles whose vertices are at p0, 1q, p0, 0q, p1, 0q and pp, qq. This implies that pp,is in the triangle N with vertices p0, 1q, p1, 0q and p1, 1q, as in the opposite case one of the three remaining triangles would have area larger than that of M . Dissecting the triangle N with the line y " x into two symmetric triangles, we may take one of them, say T , and assume that every pp,belongs to it, which ends the proof.
Observe that the quadrangle from the Lemma is degenerated to a triangle if and only if pp,is in the segment with end-points p Recall the observation of Grünbaum (see [2] , p. 259) that the BMdistance between any planar centrally symmetric convex body and a triangle is 2. In particular, the BM-distance between a parallelogram and a triangle is 2.
Theorem. The Banach-Mazur distance between two convex quadrangles is at most 2. The distance 2 is attained if and only if one of the quadrangles is a parallelogram and the other is a triangle.
Proof. Thanks to the Lemma and (1), it is sufficient to consider quadrangles abcd and abce, where a " p0, 1q, b " p0, 0q, c " p1, 0q, and both d and e are in the triangle T described in the Lemma.
For any point g and number ω ą 0, denote by g ω the homothetical image of g with respect to p0, 0q and ratio ω. Case 1. One of the quadrangles is contained in the other, say abce Ă abcd. Of course, e P abcd. Since e P T , we have d P a 2 bc 2 e 2 . Hence abcd Ă a 2 bc 2 e 2 . This and abce Ă abcd imply that the BM-distance between abcd and abce is at most 2.
Moreover, the BM-distance is below 2 unless e is in the segment with endpoints p 1 2 , 1 2 q and p0, 1q (i.e., unless abce is a triangle), and unless d " p1, 1q (i.e., unless abcd is a parallelogram). This confirms the second thesis of Theorem in Case 1.
Case 2. None of the quadrangles is contained in the other. Of course, d R abcd and e R abce. Let e " pα, βq and d " pγ, δq. Without loss of generality, we may assume that the slope of the vector be is not larger than that of bd, i.e., that
We find µ such that d P a µ e µ (see Figure) . Namely, since the straight line through a µ " p0, µq and e µ " pµα, µβq has equation y´µβ " β´1 α px´µαq, from pγ, δq P a µ e µ , we obtain p2q µ " δ`γ α p1´βq.
We find ξ such that e µ P d ξ c ξ (see Figure) . From the fact that the equation of the straight line through d ξ " pξγ, ξδq and c ξ " pξ, 0q is y " δ γ´1 px´ξq, we get
From abcd Ă a µ bc µ e µ Ă a ξ bc ξ d ξ (see Figure) , (3) and (2), we conclude that the BM-distance between abcd and a µ bc µ e µ (and hence between abcd and abce by (1)) is at most
Since γ α β δ ≤ 1 by hypothesis, the above is at most γp1´βq`βp1´γq`αδ`p1´βqp1´γq " 1`αδ´βγ.
By α ≤ 1 and δ ≤ 1 our ξ is always at most 2.
Below we show that ξ " 2, which means that the BM-distance between abcd and abce never attains 2 in Case 2.
Assume that ξ " 2. Then αδ´βγ " 1, which is possible only if α " δ " 1 and βγ " 0. Since d P T from δ " 1, we get γ " 1 and thus d " p1, 1q. From γ " 1 and βγ " 0, we see that β " 0. This and e P T imply that e " p1, 0q. Since e belongs to abcd, we get a contradiction with the assumption of Case 2.
